m 



PLh 



> 



O 
m 



X 



Stochastic Generalized Porous Media 
Equations with Reflection* 



CN ; Michael Rockner^\ Feng-Yu Wang^^'^^l Tusheng Zhang*^^ 

O ' °' School of Mathematical Sciences, Beijing Normal University, Beijing 100875, China 

"^ , ^^ Department of Mathematics, Bielefeld University, D-33501 Bielefeld, Germany 

^ ' ■ '^'c) School of Mathematics, University of Manchester, Oxford Road, Manchester M13 9PL, UK 

'^■'Department of Mathematics, Swansea University, Singleton Park, SA2 8PP, UK 



April 4, 2013 



Abstract 



A non-negative Markovian solution is constructed for a class of stochastic general- 
ized porous media equations with reflection. To this end, some regularity properties and 
OO , a comparison theorem are proved for stochastic generalized porous media equations, 

^"^ ' which are interesting by themselves. Invariant probability measures and ergodicity of 



the solution are also investigated. 

AMS subject Classification: 60J75, 47D07. 

Keywords: Stochastic porous media equation, reflection, regular solution, comparison theo- 
rem. 



1 Introduction 

Let E he a. locally compact separable metric space with Borel cr-fleld ^ and let ;U be a 
probability measure on (E,^). Let {L,^{L)) be a symmetric Dirichlet operator on i^^(/i) 
with empty essential spectrum and regular Dirichlet form {S', ^(i^)). Note that we may allow 
the Dirichlet form to be merely quasi- regular by "local compactiflcation" from the book [8]. 
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Let {Xi}i>i be all eigenvalues of —L counting multiplicities in increasing order such that 
Ai > 0, and let {ei}j>i be the corresponding normalized eigenfunctions. 

In this paper we investigate the stochastic generalized porous medium equation with 
reflection of the type 

(1.1) dXt = {L^(Xi) + $(Xi)}dt + atdWt + dr/*, t E [0,T], 

where T > is a fixed constant, Wt is a cylindrical Brownian motion on L^(/i) with respect 
to a complete filtered probability space ((], ^, {^j}t>o,P), \l/,$ G C{M.), and (Tj G L'^{il x 
[0,T] — )■ ^Hs) is progressively measurable. Here ^hs is the space of all Hilbert-Schmidt 
linear operators on L^(/i). We will use (■, ■) and || ■ || to denote the inner product and the 
norm in L^(/i), and denote the norm in i^^(/i) for p > 1 by || ■ ||p. Moreover, let H^ = ^[^S^ 
with inner product {u,v)h^ = S'{u,v), and let H~^ be the dual space of H^ w.r.t. -^^(/i). 
For simplicity we also use (■,■) for the dualization h-^{-,-)h^ between H~^ and H^. Since 
the essential spectrum of L is empty, we have Aj f oo as i f oo and thus, the embedding 
H^ C L'^ifJ') is compact. As usual L extends to an operator L : H^ -^ H^^, again denoted 
by L, and below by L we always mean this extension. 

For stochastic partial differential equations with reflection driven by space-time white 
noise, we refer the reader to [5], [9], [13], [H] and [15]. The situation here is drastically 
different from that in the above references because of the presence of the the non-linear 
operator L\l/, in (11. ip . 

The motivation to study reflection problems of type (11. ip is that eventually we would 
like to extend our results from this paper to stochastic fast diffusion equations, where 
\l'(s) = |s|^~^s with r G (0,1), or to so-called "self-organized criticality" models, where 
\1/ is a Heaviside function or a product of this with the identity. Such type of singular 
stochastic porous media equations have intensively been studied in [Tl[2l[3] and [12], proving 
in addition to well-posedness that extinction occurs with strictly positive probability. How- 
ever, in contrast to the latter papers, instead of linear multiplicative noise, we would like to 
study the class of additive noise. This was suggested in [1] by A. Diaz-Guilera, who derived 
equations of type (II. ip with i] = a.s models for the phenomenon of self-organized criticality, 
where Xt,t > 0, has the interpretation of energy. However, for all types of additive noise 
suggested in [1] the solution Xt,t > 0, can take (depending on u E fl) arbitrarily negative 
values, which is somehow in contradiction of its interpretation as energy. Our "penaliza- 
tion" term, however, guaranties nonnegative solutions. Therefore, we suggest our equation 
(II. ip as a more realistic version of the one suggested in [1], where it was also pointed out 
that the case "^{s) = |s|^~^s for r = 3 is an interesting special case, since it is the simplest 
fulfilling all symmetry restriction suggested by physical considerations. And this case is 
covered by the main result in this paper. As also pointed out in [1], this polynomial case is, 
however, too much of a simplification and quite far from "self-organized criticality" models 
as "^{s) = H(s) or \l/(s) = sH(s) with H being the Heaviside function. In contrast to the 
polynomial case the latter one namely exhibits extinction of solutions as shown in [H [3] and 



[12], while the polynomial case does not. Therefore, in a future paper we plan to extend our 
results to singular cases as \l/(s) = |s|''~^s for r e (0, 1), \l/(s) = H(s), or \l/(s) = sH(s). 

Let ^c be the space of all locally finite measures on E^ equipped with the vague topology 
induced by / G C^{E\ where Co{E) be the set of all continuous functions on E with compact 
support. 

Definition 1.1. An element u G H~^ is called non-negative, denoted by "u > 0, if //i (/, u)h-^ > 
holds for any non-negative / G H^. For Ui,U2 G H~^, we write Ui > U2 if tti — ti2 > 0. A 
process Ut in H~^ is called increasing if ut > Us for t > s. 

It is easy to verify that ui > U2 and U2 > ui if and only if ui = U2- Thus, H~^ is a 
partially ordered space. 

Definition 1.2. A pair [X,!]) := {Xt,r]t)t>o is called a solution to (11. ip . if 

(1) X is a non-negative, adapted process on L^(/u), which is cadlag in H~^, such that for 
anyT>0, ^(X)|[o,T] eL^iilx [0,T] ^ H^;¥xdt) and $(X)|[o,t] eL'^i^x [0,T] -^ 
H~^;Fxdt); 

(2) 1] = (?7t)jG[o,T] is a right-continuous, non-negative, increasing adapted process in H~^, 
which determines a unique adapted process u := {i't)t>o in ^c, right-continuous in the 
topology of set-wise convergence, such that 

(1.2) [ f{z)ut{dz)= H~^{vtJ)m, feCo{E)nH\ t>0. 

J E 

Moreover, H^{^!{Xt),r]t)H-^ = 0, P x dt-a.e.; 

(3) P-a.s. 

Xt = Xo+ f {l^iXs) + $(X)}ds + f asdWs + vt, t > 

holds on H~^. 

To construct a solution to fll.ip using a natural approximation argument, we shall need 
the following assumptions. 

(Al) For any / G Co{E), there exists f e H^ H Cq{E) such that for any e > 0, 

\f-fe\<ef 

holds for some feEH'^n Cq{E). 

(A2) $ : M — 7- M is Lipschitz continuous such that 

($H - $(t;), {-L)-\u - v)) <c\\u- v\\l-., u, V G L^+\fi), 

holds for some constant c > 0; and \E' G C^(M) with ^^(O) = and there exist constants 
r > l,c[>0 and Ci, C2 > such that for any Si, S2, s eM, 



{S2 - SI){^{S2) - ^(Si)) > {C1|S2 - Sir+1 + C[\S2 - S,\'}, < ^' {s) < C2(l + \s 



r-U 



(A3) {ei}i>i C U'^^{fi) and for any T > there exists a constant C > such that 
sup ||crt|||>^g + sup / 1 y~l ( y~'(^tei, eA,.)efc ) [ dtd/i < C. 

ie[0,T] n>W[0,T]xi? l-"^ ^^ ^ ^ 

Here is the main result of the paper, where for a measure z/ on {E, ^) and a z/-integrable 
or nonnegative i^-measurable function / : E" — )■ M we set //(/) = Jg /dz^. 

Theorem 1.1. Assume that (Al), (A2) anc? (A3) hold. If either c[ > 0, cir\l/(s) = c|s|''~^s 
and $(s) = c's for some constants c > and d G M. Then: 

(1) For an?/ Xq = x G ^^+'"(1] -^ L^+'(;u), ^o; P), dUD /^os a solution (X(x), 77(2;)) zn i/ie 
sense of Definition \1.2\ such that 

(1.3) E sup ||Xt(x)||2+ sup E||Xi(x)im; <oo. 

t6[0,T] ie[0,T] 

If r = 1 and \1/ zs linear, then the solution to (11.11) zs unique. 

(2) If at = (J is deterministic and independent of t, the family {X{x))^^^i+r, ^ is time- 
homogeneous Markovian, i.e. for any f G Cb(L^+^'(/i)) and < s < t <T, 

(1.4) E{f{Xt{x))\a{X^{x) ■.u<s))= (P,_J)(X,(x)), 

where 

PJiz) := E/(X„(^)), u G [0,T],z G ^^^'■(/i). 

(3) Let at = cr be deterministic and independent of t, and let K ^M be such that 

(1.5) ($(x) - $(y), l{._,>o}) < K^i{{x - y)+), x,ye Li+'-(/i), 
it/ien X((x) is 1} -Lipschitz continuous in x, i.e. P-a.s. 

(1.6) \\Xt{x) - Xt{y)h < e'^la: - 2/||i, x,y e ^^^^(/i). 

Consequently, Pt extends to a unique Markov Lipschitz-Feller semigroup on L^{fi). If 

(1.7) ^(*(x),x)- {^{x),x) >Ci^(x,x)-C2 

/io/ds /or some constants Ci,C2 > and all x G ^((f) such that \l/(x) G ^(<^), then Pt has 
an invariant probability measure it with 7r(|| ■ ||^i) < 00 and 



Kt 



I l|2;-?/||i7r(d2/), X G L^(/i),t > 0, 



|P,/(x)-7r(/)|<Lipi(/)e 

where f : /^""^(/i) — ?■ M zs Lipschitz and Lip;^(/) is its Lipschitz constant. In particular, Pt 
converges exponentially fast to fi if K < 0. 

To illustrate this result, let us consider the following simple example. 



Example 1.1. Let E G M."^ he a. bounded open domain, and let L = A be the Dirichlet 
Laplacian on E, which has discrete spectrum with Ai > 0. Let $ be a Lipschitz continuous 
function on M and let 

for some constants r > 1, r' G (0, 1), ai > 0, and 02,03 > 0. Finally, let at = a be determin- 
istic and independent of t such that 

aci = QiCi, i > 1, 

where {qi}i>i C [0, 00) such that 

00 

(1.9) ^z('^'-i)/(2^+^)g2<oo. 

Then ^(0) = and (Al), (A2) and (A3) hold. 

Proof. (A2) is trivial for the specific choice of \l/. Noting that 

(1.10) ||e,||,+i < cAf -i)/4(-+i), A, < a^/"^, z > 1, 
holds for some constant c > 0, we have 



n n 



sup 

n> 



1 J[Q,T]y.E ^^^ f,^^ Je -^^ 

/ 00 \ / °° \ ('"-l)/2 



which is finite according to (II. 9p and (ll.lOp . Therefore, (A3) holds. Finally, (Al) is trivial 
in the present situation. D 

To construct the desired solution to (II. ip . we first present some preparations in Section 2 
concerning regularity properties and a comparison theorem for stochastic generalized porous 
media equations, which are interesting by themselves. A complete proof of Theorem 11.11 is 
given in Section 3. 

2 Preparations 

In this section we first consider regularity of solutions to stochastic generalized porous media 
equations, then prove a comparison theorem and the L^-Lipshitz continuity for the solution. 
Finally, to construct the "local time" 77 as a locally finite measure on [0,T] x E, we prove a 
suitable new version of the Riesz-Markov representation theorem. We note that the regularity 
of solutions for stochastic generalized porous media equations have been investigated e.g. in 
[TT| |6] for either linear $ or $ = 0. But to approximate the equation with reflection, a 
non-linear Lipschitzian term s i— )■ ns~ will be included in $^") (see Section 3). 



2.1 Regular solution of stochastic generalized porous media equa- 
tions 

In this subsection we consider the following equation with multiplicative noise: 
(2.1) dXt = {L^{Xt) + ^{Xt)]dt + at{Xt)mt, 

where a : Vt x [0, oo) x L'^{jj) — ?■ ^ls is progressively measurable such that 
(A3') {ej}j>i C U'^^{ii) and for any T > there exists a constant C > such that for any 

sup \\at{u) - o^t(w)||^^s(L2(^).H-i) < C\\u - w||^-i, 
ie[o,T] 



p n n i+r 

sup ||ai(M)|||'^g + sup / i V" ( V'(o-t(M)ei,efc)efe) [ ' dM/i < C. 



Definition 2.1. A continuous adapted process X = (Ai)j>o on H ^ is called a solution to 
(ED, if P-a.s. 

At = Ao + / {L^(A,) + <l>(A,)}ds + / a,(A,)diy„ t > 

holds on H^^. The solution is called regular, if it is a right-continuous process on L^(m) 
and for any T > 0, 



E sup ||Aif + sup E||Ai|||+^ + E / |^(*(Ai), ^(At))|dt < oo. 

Theorem 2.1. Assume (Al), (A2) and (A3'). For any ^Q-measurable random variable 
Xq on H~^ with E||Ao||^_i < oo, the equation (12. ip has a unique solution such that 

(2.2) E sup ||Ai||^-i +E / ||Ai||}+;dt <oo, T > 0. 

te[o,T] Jo 

If moreover KWXqWI^I < oo, then: 

(1) When c'l > 0, the solution is regular, continuous in L^(ni), and the ltd formula 

ft ft 



|Aif = ||Aof-2/ ^{Xs,^{Xs))ds + 2 {Xs,^X,))ds 

Jo Jo 

+2 / {X,,as{X,)dWs) + f ||a,(A,)|||,^/s, t G [0,T] 
Jo Jo 



holds. 



(2) When \l/(s) = c\s\^ ^s, $(s) = c's for some constants c > and d G M, the solution is 
regular. 

To prove this theorem, we first prove that there exists a unique solution in H~^ using a 
general result in [10]. Then we show that this solution is indeed regular. 



Lemma 2.2. Assume (Al), (A2) and (A3'). For any Xq e L'^{Q ^ if"\^o;IP), there 
exists a unique continuous adapted process X = {Xt)t>o on H~^ such that i \2.2\\ holds. 

Proof. It suffices to verify assumptions (K), (HI), (H2), (H3) and (H4) in [10], Theorem 
2.1]. To verify these assumptions, let V = L^~^^{fi),H = H~^,V* be the dual space of V 
w.r.t. H^\ and K = L^+''(fi x [0,T] x E;F x dt x jj,). Then assumption (K) holds for 
R{x) = \\x\\lXl,x e V, and Wi{s) = W2{s) = s^/^^+''\s > 0. Next, from (A2) it is easy to 
see that the hemicontinuity condition (HI) holds for A{u) := L\E'(m) + $(w), i.e. 

M 9 A 3^ {^{u + Xv),w) + {^{u + \v),{-Ly^w), u,v,w eV 

is continuous, where L is understood as its unique extension given by [TOl Lemma 3.3] for 
Ltv* = L~^{fj,). Moreover, letting Iq be the Lipschitz constant of $, we obtain from (A2) 
and (A3') that 

2v*{A{u) - A{v),u - v)v + htiu) - ^t(^)||^^s(L2(^).j^) 

< C\\u - v\\]j - 2(*(n) - ^{v),u- v) + 2{^{u) - ^{v), {-Ly\u - v)) 

< c'\\u — v\\'jj, u,v & V 

for some constant c' > 0. Thus, the weak monotonicity condition (H2) holds. Again by 
(A2) and (A3'), we have 



2v*{A{u),u)v+ \Wt{u)\\%ijsiL^,,y,H) 

< -2i2{u'${u)) + 2{<l>{u), 

^ ' I II nr+l , '/|| II 2 

< C + Ci||ti||r+i + c \\u\\h 



< -2i,{u^{u)) + 2(<|.(n), i-Ly'u) + h\at{u)\\%^^ 



for some constants c',c" > 0. This implies (H3) as R{u) = ||m||i+[!. Finally, (A2) also implies 
that 

\v4A{v),u)v\ < \fi{'^{v)u)\ + \mv)\\ ■ \\{-L)-^u\\ <c\l + R{u) + R{v)) 

for some constant c' > and R = \\ ■ \\]Xl- Therefore, (H4) holds. D 

Now, let E||Xo|||;]lJ^ < oo. To prove that the unique solution X to (12. ip is a regular 
solution in the sense of Definition 12. H we make use of the Galerkin approximations. For 
any n > 1, let Hn = spanjci,--- ,e„}. Since {ej}j>i C L^~^^{fj,), the orthogonal projection 
^n '■ L'^i.lA -> Hn can be extended to L(^+'')/''(/i) as 



.'^nu = Y,Kue,)ei, u e L^'+^^/%fi). 



i=l 



Let ^„(m) = ^„*(w),<l>„(w) = ^nHu) for u e Li+^(^), and let aj;^ = ^„ai,Vri" = ^nWt. 
Finally, let Xq be the L^+^-best approximation of Xq in i7„; that is, Xq is the unique 
^o-Hieasurable random variable in if„ such that 

\\Xo- X';^\\r+i= inf ||Xo-n||i+^,. 
«GLi+'-{^)nfl"„ 

We have ||X^||i+r < 2||Xo||i+r and Xq — )• Xq in L^^^{fi) P-a.s. as n — )• oo, see [TJ Theorems 
5,6,8] and P §0]. 

For each n > 1, let X"' = (X")jg[o,T] be the unique solution to the following finite- 
dimensional SDK with initial data X^: 

dxf = {L^nix^) + MXt)}dt + <(xr)dw^r- 

Note that since H^ is an invariant space for L, we have L\1/„(m) G i^n for u G L^+''(/i). 

Lemma 2.3. Assume (A2) anc? (A3') and /ei E||Xo||}!J]J^ < oo. T/ien for any T > i/iere 
ea;zsis a constant C > independent of c[ such that for any n > 1, 

E sup ll^rf + sup E\\X:\\IZ + E f {^(vl/,(Xn,^n(Xn) + c;^(X^Xr)|dt<a 
te[o,T] te[o,T] Jo ^ ■' 

Proof. Let 

F{u) = dfi *(s)ds, u G ifn- 
Je Jo 

Then F G C^{Hn)- By the Ito formula, we have 

dF(xr) = (vi/(xr),ar(xr)dwn 
^^■^^ + { (^n w), ^^n(xn + -i-jxr)) + ^ E ^ ^'(xr)(ar(xne.)M/.}dt. 

By (A2) and (A3'), there exists a constant Ci > 1 independent of n such that for any 
u G //„, 



1 

|(<l>„(^z), vI/„H)| < ||$(n)|| . \\^>{u)\\ < Ci + Ci||w||}+; 



— Il^im; - Ci < F(«) < Ci + Ciiinim; 



and 



n „ 

Ej^ / ^'(Xr)(ar(Xr)e,)M/x 

/ n n 2 \ 

<E ||vl/'(Xr)||i±.||5^(5^(a,(Xr)e„efc)e,) ^ < Ci + CiE||X; 

V " i=l fc=l ^ 2 / 



Combining this with (12. 3 p we obtain 

E||x;^||}+; <C2 + C2 [ E\\x^\\ixids - CsE [ ^(^.(x;), *(x;))ds, s e [o, t] 

Jo Jo 



for some constants C2, C3 > independent of n. This imphes 

te[o,T] Jo 



sup E||Xr||}+; + E / ^(vl/„,(xn,^„(Xr))dt<C 
tefo.Tl Jo 



E sup 
se[o,t] 



{x:,a:ix:)dw:) 



for some constant C > independent of n. 
Next, by the Ito formula, 

(2.4) d||xrf = {2(xr,Lvi/„(xr) + «i'.(xr)) + ii<(xr)ii^„jdt+2(xr,ar(xr)dw^r)- 

Since due to (A2) ^'(s) > c[, we have 

(xr,Lvi/„(xr)) = {x:,L^r.{xn) < -c[s{x^,x^). 

Moreover, by (A3') and the Burkholder-Davies inequahty for p = 2 we have 

< 4E r \\as{X:)\\%J\X^rds < 4cE f \\X:tds. 
Jo Jo 

Combining this with (12. 4p we conclude that hn(t) := Esup^gjoj] ||^rP satisfies 

hn{t) <Ci + C4 [ hn{s)ds - 2c[ [ cf (X,", X;)ds, t e [0,T] 
Jo Jo 

for some constant C4 > independent of n. Therefore, 

E sup \\XJ^f + c[E f c^{X^,X^)ds<C 
te[o,T] Jo 

for some constant C > independent of n and c[. D 

Proof of Theorem \2.1\ To see that the unique solution X from Lemma 12.21 is a regular solu- 
tion, let us recall the construction of X given in the proof of p^ Theorem 2.1]. By Lemma [2l3] 
and (A3'), there exists a subsequence rik — )■ 00, an adapted X e iv°°([0, T] — )• L}^'^{¥ x /x)), 
an adapted A E L'^{Vt x [0,T] -^ i^-^;P x dt), and some element Z G L2(f] x [0,T] -^ 
^Hs] P X dt) such that 

(i) X"^^ ^ X *-weakly in L°°([0,r] ^ Li+^(P x ^)). 

(ii) L*„,(X"*) + $„,(X"^) -^ A weakly in L'^{VL x [0,T] ^ i7-^;P x dt). 



(iii) ct(X"*) -^ Z weakly in L\n x [0, T] -^ ^hs] P x dt). 

Since these convergence properties are stronger than those used in the proof of [10, Theorem 
2.1] for p = 2 and the spaces K, V,V*, H given in the proof of Lemma [2 ■2[ the arguments in 
the proof of ^ Theorem 2.1] imply that Z = a.{X.) and A = L^(X) + <I>(X), P x dt-a.e., 
and 



(2.5) 



Xt= [ A,ds+ [ ZAWs, te[0,T]. 
Jo Jo 



We are now able to prove the desired regularity properties as follows. 

(a) Since Ae L\nx [0, T] -^ H~^; P x dt) and A = L^{X) + $(X) P x dt-a.e., we have 

L\&(X) + $(X) e L'^iyt X [0,T] -^ H'^]¥ x dt). Moreover, since $ is Lipschitz continuous 

and 

1 

II ■ ||i+r > Ir II > /— II ■ IIh-I) 
V Ai 

Lemma O implies that $(X) G L'^iVt x [0, T] -^ H^^; P x dt). Therefore, L^(X) G L2(fi x 

[0,T] ^i/-i;Px dt), that is, 

(2.6) e[ <f(^(Xi),^(Xi))dt = E / ||L^(Xi)||^-i <oo. 

Jo Jo 

Since (A2) implies ^' > Ci so that S'{Xs, *(^.)) > Cif?(X,,X,), it follows from (EHD that 

c'lE f c^{Xt,Xt)dt<oo. 
Jo 

(b) When \&(s) = c|s|''~^s and $(s) = c's for c > 0, the right continuity of the solution 
in L^(m) and Esup^gjQ j.] ||^t|P < oo are ensured by [HI Theorem 1.2(4)]. Let c[ > 0, so 
that X G L^(r2 X [0,r] — )■ if^;P x dt). To see that Xt is continuous in L^(//), we make 
use of [ini Theorem A.2]. Let now K = L'^iVt x [0, T] ^ H^;¥ x dt), H = L^iiJ,),V = H^ 
and V* = H~^. Then the condition (K) in [TU] holds for R{u) = Siu^u) = ||w||^i and 
Wi{s) = W2{s) = yi,s > 0. Since A e K* := L^n x [0,T] -^ H-^;¥ x dt) and Z G 
J := L^{n X [0, T] -^ ^Hs; P X dt) (see (2.8) in [10]), according to [TOl Theorem A.2], (|23|) 
implies that Aj is continuous in iir(= L'^{n)) such that Esupjg[o,T] ll^tJP < '^^ ^^d that the 
It 6 formula 

llAif = llAof + y {2^i(A„^)H-i + |k,(A,)||^^Jds + 2 y (a,(A,)dl^„ A,), tG [0,T], 

holds. This coincides with the desired Ito formula since A = L\i/(A) + $(A) P x dt-a.e. 

(c) It remains to show that sup^gjg j'] E||At||};|;j; < oo for cases (1) and (2). Since A G 
L°°([0,r] -^ Li+''(P X /i)), there exists a constant C > such that EUAij^; < C holds 



10 



dt-a.e. Since Xt is right-continuous in L'^{fi), this and the Fatou lemma imply that for any 

te[o,T], 

E||Xi||;+i = Esup|/i(Xin)|^+^ = Esupliminf|/i(X,M)|i+'^ 

< liminfEsup|/i(X,M)|i+^ < liminf E||X,|m;: < C, 

where sup is taken over all u G L^iu] with ||ti||^_ < 1. D 

2.2 Comparison theorem and L^-Lipschitz continuity 

In this subsection we consider the following equation with additive noise: 

(2.7) dXt = {L^{Xt) + $(Xi)}dt + atdWu 

where o't^'^ and $ satisfy (A2) and (A3). Let $ be another Lipshitz continuous function. 
We shall compare regular solutions to (12. 7p with those to the equation 

(2.8) dXt = {L^{Xt) + $(X,)}dt + atdWt. 

Theorem 2.4. Assume (A2), (A3) and let $ < $. Let Xt and Xt he solutions in the sense 
of Definition \2.1\ to (12. 7p and (12.81) respectively. If either c[ > 0, or "^{s) = c\s\^'~^s, $(s) = 
c's for some c > and c' G M, then these solutions are regular and F-a.s. Xq < Xq implies 
F-a.s. Xt < Xt for all t G [0, T]. 

Let us first explain the main idea of the proof. The regularity of the solutions follows from 
TheoremO To prove Xt < Xt, let hk G Cl{R) such that /i^ > 0, < /ifc < 1, /ifc(s) = for 
s < 0, and hk -^ l(o,oo) as A; — ?> oo. By the definition of regular solutions, P-a.s., Xt — Xt is 
dt-a.e. differentiable in H~^ with 

^(X, - Xt) = L{^{Xt) - *(^t)} + HXt) - <l>iXt). 

Moreover, hk['^{Xt) — \E'(Xt)) G H^ P x dt-a.e. Therefore, noting that $ is Lipschitzian and 
l> < $, we have P x dt-a.e., 

\tik[^[Xt)-^[Xt))- 

E 

' ^{hk{^{Xt) - ^{Xt)),^{Xt) - ^{Xt))d^i 



{hki^iXt) - ^iXt))-iXt - Xt)}dfi 
(2.9) 



+ / /ifc(*(Xi) - *(Xi)) ■ {^{Xt) - HXt))dfi 

Je 

<lo [ hk{^{Xt) - ^{Xt)) ■ \Xt - Xt\dfi, 
Je 
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where lo is the Lipschitz constant of $. By letting A; — t- oo we may write formally 
(2.10) " -^((1, - X,)+) = y^ |l^^^^^^^_(X, - Xt)]di, " < /oyu((X, - X, 



t) ), 



and hence, (Xj — Xj)"*" = if Xq < Xq as desired. The last step is however not rigorous 
since ^{Xt — Xt) exists only in H~^ so that the terms in " ... " do not make sense in 
general. To make the argument rigorous, we consider the following approximating equations 
for £G (0,1): 

dX^,={{l-sLr'L^iX^,) + ^X^,)}dt + a,dWt, X^ = X^, 
dXl = {{l-sL)-^m>{Xl) + ^{Xl)]dt + atdWt. Xl = Xo. 

Lemma 2.5. We have 

cT 



limE 



J (\\x, - x.^im; + \\x,- xn\ix:)dt = 0. 



Proof. We only consider the limit for Xf — X^. Since $ is Lipschitz continuous, there exists 
a constant Ci > independent of e such that 

mXt) - ^Xt),Xt - XDh-^ < Ci\\Xt - xtw ■ \\Xt - X^\\h-i. 

Moreover, from the proof of Lemma 12.21 we see that 

E / 

ee(0,l) 

Combining this with the growth condition |^E'(s)| < c'(l + Isl*") ensured by (A2), we obtain 



sup E / (||Xi||}+; + ||x,^||}+;)dt<oo. 

:e(o,i) Jo 



E 



/ \{{l-{l-eLr^){X,-Xl),^{Xt))\dt 
Jo 

<E / ||^(X,^)||.||X,-X,^||dt<C 
Jo 

for a constant C > independent of e G (0, 1). Therefore, by (A2) and the Ito formula, 

E||X, - XlWl-, < -2ci / E||X, - XlWlXrds + C, I E||X, - XlWl^As 

Jo Jo 

+ 2e j ¥.{\{{l-{l-eL)-^){X,-Xl),m{Xl))\ + \{{l-eL)-\X,-Xl),Xl)\)ds 

<C2 [ E\\Xs - X|\\l.^ds - 2ci / E||X, - XlWlXlds + 2^26, t E [0,T] 
Jo Jo 

holds for some constants Ci,C2 > 0. This implies lim^^olE/Q \\Xt — X^WlXl-dt = 0. D 
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Proof of Theorem \2.4\ Since (l—eL) ^L is a bounded operator for any e > 0, the associated 
Dirichlet space and its dual space w.r.t. L^(/i) coincide with L^(/i). So, by Definition 12. ![ 
'^^^*'~^"^ exists in L^{n x [0, T] -^ L^{m);F x dt). We aim to prove, instead of fl2:T0|) . that 



dt 



(2.12) 



-/.((x,^-x,r) 



l{x.>x.}^(^*' - ^njd/i < /oA^(^*^ - X, 



:n^), 



which imphes Xf < Xf for all t G [0,T] since Xq < Xq. Firstly, replacing {^ ,Xt.,Xt) in 
fl2.9p by (\E',Xf,Xf) and letting k — )■ oo, we obtain the inequality in fl2.12p . To verify the 
equality in (12.121) . we note that 

^^{Xt - Xt) = (1 - eL)-'L{nXt) - ^{XD) + <I(X,) - ^{XD 
and (1 - eL)-^L = i(l - eL)~^ - J on L\n) imply 

(Xf - xiY - {XI - X,)- 



sup 

0<s«<T 
1 



t 



< -(l + (l-£L)^i) sup \\^{Xl)\ + \^{Xl)\ + \^{Xl 



\^{K 



By the contraction property of (1 — eL)~^ on L^{fi), Lemma [2. 2[ and the growth conditions 
on \&, $, $, we see that the upper bound is in L^{ij.). Therefore, the equality in (I2.12p follows 
from the dominated convergence theorem with s — )■ t. 
Now, by X^ < X^, we have 

E /" fi{{X^ - X^y)dt = 0, £€(0,1). 
Jo 

Letting e — ;■ and using Lemma 12.51 we arrive at 

E / /i((Xi-Xi)+)dt = 0. 
Jo 



Therefore, Xt < Xt holds Pxdtx/z. Since due to Theorem 12.1 1 Xt and Xt are right-continuous 
in L2(/i), we conclude that P-a.s., Xt < Xt in L'^{fx) holds for all t G [0,T]. D 

Next, we have the following L^-Lipschitz continuity w.r.t. initial data of the solutions. 
Theorem 2.6. Assume (A2),(A3) and (II. 5p . We have 

\\Xt{x) - Xt{y)h < e'^'Wx - y\\u x,y e Li+^^(//). 
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Proof. Let Xf{x) be as in (12.111) for Xq = x G L^~^^{fi). Repeating the proof of Theorem 12.41 
with (X^,X^) replaced by (X^(x),X^(|/)), we obtain 

d\\iX^ix)-Xtiy)yh = {l{xn^)-xny)>o},diX^ix)-X^iy)))dt < K||(Xf (x) -Xf (y))+||idt. 

Then 

\\{X^{x)-X^{y)y\U<e'''\\x-yh. 

The same holds by switching x and y so that 

\\X^{x)-X^{y)\\^<e'''\\x-y\\^, t > 0. 
Since due to Lemma 12.51 there exists a sequence En iO such that for any T > 

lim r (||X-(x) - X,ix)\\lX: + ||^r(?/) - ^*(2/)ll}:;)dt = 0, 

this implies that ||X((2;) — Xt{y)\\i < e-^*||x — y\\i holds dt-a.e. Then the proof is finished by 
the continuity of the solutions. D 

2.3 Riesz-Markov representation theorem 

Let ii^ be a locally compact separable metric space so that a{Co{E)) = ^ (the Borel a-field 
on E), and let '^ C Cq{E) be a subspace such that the following assumption holds: 

(A) for any / G Cq{E), there exists / G ^ such that for any e > 0, there exists /^ G ^ 
such that 1/ — /e| < ef . 

Let Cq{E) and ^"'" denote the classes of non-negative elements in Cq{E) and ^ respectively. 

Theorem 2.7. Assume (A). For an?/ positive linear functional A : ^ — )■ M, i/iere exists a 
unique measure fi on E such that 

(2.13) M/):= //d// = A(/), /G^~. 

Proof, (a) The uniqueness. Let ^ and /i be two measures satisfying (12.131) . then for any 
/ G Co{E), and for / and fe in (A), we have /^ + e/ G ^ so that 

Kf) < l^ife + Sf) = Kfe + ef) < fi{f) + 2£A(/). 

Letting e — )> we obtain /i(/) < /i(/). Similarly, jl{f) < /i(/). Therefore, ^ = fi. 
(b) The existence. For any / G C(f (i^), let 

A(/) = sup{A((7) :(/</, ^G'^"}. 
14 



Since G ^, we have A(/) > for / G Cq{E). Next, it is easy to see that A is increasing 
monotone and A = A holds on ^~'". Moreover, by (A), for / G Cq{E) there exists f^g^^ 
such that 1/ - 5-1 < /. Then / + gf G ^+ so that 

hU) < HI + g) = Kl + 9) <oo. 

Therefore, letting A(/) = A(/'*') — A{f~), we extend A to a finite positive functional on 
Cq{E) such that A = A holds on ^. Then it suffices to show that 

(2.14) A(/ + ^) = A(/) + A(^), f\geCo{E). 

Indeed, it is trivial to see that A(c/) = cA(/) for / G Co{E) and c^'B.. Then fl2.14p implies 
that A : Co{E) — )■ M is a positive linear functional. By the Riesz-Markov representation 
theorem, there exists a unique locally finite measure n on E such that 

M/) = A(/), feCoiE). 

Since A(/) = A(/) holds for / G ^, this implies^([2ISD._ 

Now, let f,g & Cq{E). By (A), there exist f,g&^ such that for any e > there exist 
fe, ^e G ^ such that \f - fe\< ef, 1^ - fi-el < sg. We have 

AU' + 9)<Mfe + 9e + ef + eg) 
= A{fe - ef) + A{ge - eg) + 2eA{f + g) < A(/) + A(^) + 2eA{f + ~g), 

and conversely, 

A(/) + A{g) < A(/, + ef) + A{g, + e~g) 
= A(/, + g,- ef-eg) + 2eAif + ~g) < A(/ + g) + 2eA{f + g). 

Letting e — )■ we prove fl2.14l) . D 



3 Proof of Theorem 11.1 

For n > 1, let 

$(")(s) = $(s) + ns~, sGM. 

Consider the following penalized equation: 

(3.1) dXf ^ = L^(xf V^ + $^"n^i"V^ + (^tdWt, X^"^ = Xq. 

Let 

z.f")(dz) = nQ\xi")(^))"ds)/i(dz), n > 1. 



By Theorem 12. H for each n, this equation has a unique regular solution in the sense of 
Definition 12.11 We will show that (X(,z/t) = lim„^oo(-^i , i^''" ) exists and gives rise to a 
solution to equation (11. ip via (11. 2p . 
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3.1 Construction and properties of X 

By Theorem 12 .11 and Theorem 12 .41 {X("^}„>i is an increasing sequence of continuous adapted 
processes in -^^(/i) such that 

(3.2) X("\ *(X(")) GL2(fix [0,r] ^i/^Pxdt), X("+i)>X("), n>l. 

Let 

X = hm X("). 

n—^oo 

Lemma 3.1. X^") ^ X in L^{n x [0,T] x ^; P x dt x ^) an(i 

(3.3) E sup ||Xi||2 < cx). 

te[o,T] 

Consequently, X^""^ -^ Xt holds in L'^i^x E;Fx /i) for all t G [0, T]. 
Proof. By the Ito formula in Theorem 12.11 and using (A2), (A3), we obtain 

d||xi")f < {2($(xi"\x,("V2r2((xi"V,xi")) 
+ lktllkJdt + 2(aidm,^i"^) 

< {Ci + Ci||x(")f }dt + 2Mw^„x(")) 

for some constant Ci > independent of n. As shown in the second part in the proof of 
Lemma [2. 3 [ this imphes 

(3.4) E sup ||X,^"^f <C 

te[o,r] 

for some constant independent of n. Noting that 

iK^i'^yiit 11^*^11, ii^ni < iK^fy II, 

this imphes 

E sup ||Xt||2<E sup sup||(X,("y||+E sup ||X,^^^||^ 
tG[o,r] te[o,r] n>i te[o,T] 

= hm E sup ||(Xi^"y||+E sup ||xf^f <2a 

n^oo t€[0,T] te[0,T] 

Since X^"'^ -\ X, P x dt x /i-a.e. and |X(")| < X+ + {X^^^)~ , by the dominated convergence 
theorem we conclude that X^'^) -^ X in L^{nx [0, T] x E;F x dt x fi). D 

Lemma 3.2. ^(X(")) ^ *(X) weakly in L'^{Q x [0,T] ^ H^;F x dt) and 

sup E\\Xt\\lX:. + E [ <ff{^{Xt),^{Xt))dt<oo. 
te[o,T] Jo 

Moreover, X >0, P x dt-a.e. 
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Proof. For m > 1, let (pm e C^iR) such that < 0^, < 2 and 

s, if |s| < m, 

m + 1, ifs>m + l, 
—m — 1, if s < —m — 1. 



Define 



Je Jo 
Then F„ G 0^(1"^ (fi)) with 



dy^Fm{u) = / ^(^„(w))^;id/i, 



_B 



Since due to TheoremOwe have X("), ^(X^")) G /.^(l] x [0,T] ^ H^), by the Ito formula 
we obtain 

(3-5) + n((x("V, * o ^^(Xi'^))) + '- Y, jj^^te.?^' ° 0„.(xf ))0:,(xf ))d/^|dt 

Since ^(0) = 0, ^^(s) > for s < 0, and ^' > imply s~^ o 0^(s) < 0, we have 

Combining this with (13. 5 P and the property of ipmi we obtain 

F„(xf ) -F„(4")) < ^'' {($(X(")),V1;O0„(X('^))) -^(vl/(x(")),vl;o0„(x(")))}dt 

for some constant Ci > independent of m, n, and all ^ < ti < t2 < T . Letting m — )■ cxd we 
arrive at 

z=i Ji^ ^ 
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where F is defined as in the proof of Lemma [2l3l Therefore, by repeating the proof of Lemma 
12.31 we obtain 

(3.6) sup E||Xi^"^|m; + E / ^($(xf"^), *(Xi^"^))dt < C 

tG[0,T] Jo 

for some constant C > independent of n. Since X^'^'^ f X and \1/ is increasing and 
continuous, we have \1/(X'^")) f ^!{X). Therefore, as in the proof of Lemma 13.11 we see 
that (EJD imphes that ^(X(")) -^ *(X) in L'^{Vt x [0,T] x E; P x dt x ^) and (at least a 
subsequence thereof) weakly in L'^iVt x [0,T] — ;■ H^), as well as 

sup E||Xi||}+;: + E / cf($(Xi),*(Xi))dt<oo. 

tG[0,T] Jo 

Finally, we prove that X > 0. To this end, let u e H^. Since '^{X'^'^^) -^ "^{X) weakly 
in L'^{n X [0,T] -> H^), X^") -> X in L'^{n x [0,r] x E; P x dt x //), and $ is Lipschitz 
continuous, we have, in L^( 



f {X-,u)dt= lim f M(X4^"ydM/x 

io "-^°°>/[o,T]x£; 

= lim-((«,Xr-Xo)- / {($(xi")),u)-^(*(xi")),«)|dt- [ {atdWt,u) 

n^oo n [ Jo "^ J Jo 

= 0. 



rT 



Since if^ is dense in L'^{ij,), this implies that J X^ dt = in P x /i-a.e. Therefore, X > 
0,Px dt X /i-a.e. D 



3.2 Construction and properties of r/ 

Lemma 3.3. As n ^ c 

Vt on E such that P-a.s. 



Lemma 3.3. As n ^ oo, z/^ converges vaguely to some locally bounded random measure 



(3.7) 



Utif)={f,Xt-Xo)-/f,J aAWs 

+ J {^(/,M/(X,))-(/,<|.(X,))}ds, feH'nCoiE). 



Consequently, Vt is an adapted increasing process on ^c- 

Proof. By (13. ip and noting that {\i/(X'^"))}„>i is a bounded sequence in L'^^Vl x [0,T] 
H^;Fxdt), we have P-a.s. 

4''\f)=nf f{z)fi{dz) [\xi"\z)rds 

J E Jo 

= (/, Xi") - Xo) - {.f, £ aAw}j + £ {^(/, Vl/(XW)) - (/, $(XW)) }ds 



for all / G H^,t G [0,T]. According to Lemmas 13.11 and 13. 2[ selecting a subsequence if 
necessary, we conclude that P-a.s. 



A,(/) := lim i^rif) 

n— >oo 

= {f,Xt-Xo)-/f,j aAw\+ j |^(/,vl/(A,))-(/,$(X,))}ds 



exists for all / G H^. Since v^ > 0, this implies that Aj : H^ fl Cq{E) — )■ M is a (random) 
positive linear functional. By (Al) and Theorem 12.71 there exists a unique locally bounded 
(random) measure Vt on E such that 

Hf) ■■= I f{^)H^^) = At(/), feH^n C,{E). 

J E 

Next, to see that vi — > Vt vaguely, we first note that (13.81) and (13. 7p imply 
(3.9) \imvt'\f) = vt{f), feH'nCo{E). 

n— >oo 

Now, let / G Co{E). By (Al), there exists f E H'^ n Cq{E) such that for any e > 0, 
1/ - /el < £/ holds for some fsEH^n Cq{E). Then 

hmsup \v'r\f) - v,{f)\ < hmsup (l^fV.) - Mfe)\ + <'^t\f) + Hf))} = 2^^t(/)- 

n—^oo n—>oo 

Letting £ — )• we conclude that lim„^oo ^'t (/) = i^tif)- Since {i^i }n>i are locally finite 
measures, Ut '■ Cq{E) — )■ M is a non- negative linear functional and thus is realized by a locally 
finite measure according to the Riesz-Markov representation theorem, denoted again by ut- 
Finally, since z/^ is increasing in t, so is i?t- □ 

To construct r], we observe from (A3), the Lipschitz continuity of $ and Lemma 12.51 
that, (13.71) provides a bounded linear functional Ut '■ Cq{E) fl H^ — ?■ M. Since the Dirichlet 
form is regular, Cq{E) (IH^ is dense in H^, it can P-a.s. be uniquely extended to an element 
rjt G H~^ such that P-a.s. 



(3.10) 



H-^{VtJ)m={f,Xt-Xo)-/f,J a^Ws 



I {W,*(^.))-(/,*(^.))}ds, f^H\ 



Proposition 3.4. Xt is weakly cddldg in L'^{fi), rjf is increasing and cddldg in H ^ and 
([L2D holds. 
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Proof. (13 .yp and fl3.10p imply (11.21) and that rjt is an increasing process in H ^. In particular, 
Xt = Xo+ f {l^iXs) + $(X,)}ds + f (TsdWs + vu t>0 

holds in H~^. Since the integral parts are continuous in H~^, it remains to show that X^ is 
weakly cadlag in L^(/i) and hence cadlag in H~^ as sup^gjQ^-] ||Xtp < oo for T > 0. 
Since Ut is increasing in t, 

Ut+ := limi>i+j >i?t, t> 0. 

Then, it is easy to see from (13. 7p and (Al) that Xt has weak left and right limits in L'^{^) 
and its weak right limit XtJ^ satisfies 

(3.11) (Xi+ - Xt, /) = {vt+ - vt){f), f e Co{E). 

Since ut+ > i^t, this in particular implies that Xt+ > Xt. 
On the other hand, by Ito's formula and (A2), 

||^W||2_ ||^(n)||2 < 2 /" ($(X^")),X^"))dr+ f \\ar\\lsdr + 2 f (X^"), a,dW,), 0<s<t. 

rj S V S V S 

Since X^") t X, by dMD, (A2), (A3), and letting n t oo, we obtain 

||Xi||^- ||X,f < 2 / ($(X^),Xr)dr+ / ||a^|||5dr + 2 / (X^,a^dW^), < s < t. 

J S J 8 J S 



Therefore, 



|Xi+f <liminf||X(i+,)^Tir< ll^il 

e\.0 



Combining this with Xt^ > X^, we conclude that Xt+ = X^, that is; Xt is weakly right 
continuous in L'^{fi). D 

3.3 Proof of Theorem [TTI 

(a) Existence. By Lemmas 13.11 13.2[ Proposition 13.41 and (I3.10p . it remains to show that 
Hi(^(Xi), ?7t)^-i = 0, dt-a.e. Since "^ e C^ with *(0) = and *' > 0, by X^ t ^ > and 
(13. 2 p we conclude that (up to a subsequence) 



^(x(") ) = *(x("))+ -^ $(X)+ = *(X) 

weakly L^{[0,T] -^ H^;dt). So, 

/ Hi{^{Xt),Vt)H'^dt= hm / H^{^{{xtY),Vt)H~^dt 
Jo "-'"^ Jo 

= lim lim / ^{{Xi''^y){z)ul"'\dz) 
= lim lim m [ *((xf"y)(X4^"VdM^ = 0, T > 0. 
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Since jji{^{X),'r])H-i > 0, we prove that H^{^{Xt),rit)H-^ = 0,dt-a.e. 

(b) The Markov property. For simphcity, we set Xt = Xt{x). Let < si < S2 < ■ ■ ■ < 

Sm ^ s < t, and let g G Cf,((i/~^)™'). It remains to prove 

(3.12) E{fiX,)g{X,„--- ,X,J} =E{giX,,,--- ,X,jPt^J{Xs)} 

for any bounded and Lipschitz continuous / in L^{fi). By the Markov property of X*^"^ we 
have 

E{/(xi"))^(xW, ■ ■ ■ ,Xi:))} = E{g{Xi^\ . . . ,xW)i^L1/(xS)}, 

where P^lfix) := E/(x["^(x)). Since X^") f X, and due to {^{x)-^{y)+nx~ -ny- , x-y) < 

lo{x — y)^ and Theorem 12. 71 Ptllf is continuous in L^{n) (hence also L?'{^)) uniformly w.r.t. 
^ > 1; by letting n — )■ oo we obtain (13.121) . 

(c) The L^-Lipschitz continuity and consequences. Since (II. 5p implies 

($(x) — $(y) + nx~ — ny^ ,x — y) < K{x — y)~^, 

by applying Theorem 12. 71 to X*^") and letting n — )■ oo, we prove (11.61) . Then, for any Lipschitz 
continuous function / on L^(^), and any x G L^{fi), 

Ptf{x) := lim Ptf{xn), x„ -)■ x in L^(^), and {xn}n>i C L^^^'ifi) 

n—^oo 

is well defined and provides a Markov Lipschitz- Feller semigroup on L^{fJ.). Moreover, by 
(ll.7p and Ito's formula we have 



Ij \\MO)\\mdt<C, r>o. 



for some constant C > 0. Since || ■ ||^i is a compact function in L^{fi), this implies that 
Pt has an invariant probability measure vr with 7r(|| ■ ||^i) < oo. Finally, (11.81) follows from 

dUD- 

(d) Uniqueness. Let ^^(s) = cs for some constant c > 0, and let (X,f/) be another 
solution. We have 

d||X,-X,||2 = 2{(X,-X„<l>(X,)-$(X,))-c^(X,-l„X,-X,)}dt+2^i(X,-X„d(77,-r/,))^-i. 

Since c > 0, $ is Lipschitzian, d'qt, dfjt > and 

Hi{Xt,dr]t)H-^ =m {Xt,dfit)H-^ =0, 

this implies that 

d\\Xt-Xtf<2lo\\Xt-Xtfdt. 

Therefore, Xt = Xt holds for t G [0, T] provided Xq = Xq. 
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